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^ ■ Abstract 

I We consider the matter effects on neutrinos moving in background on tfie basis 

of the corresponding quantum wave equations. Both Dirac and Majorana neutrino 
cases are discussed. The effects for Dirac neutrino reflection and trapping as well 
I as neutrino-antineutrino annihilation and pair creation in matter at the interface 

' between two media with different densities are considered. The spin light of neutrino 

p ■ in matter is also discussed. 
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^ '. 1 Introduction 
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In the present paper we discuss a recently developed quantum approach to description of 
the various processes involving neutrino in matter. In Section 2 we consider the both Dirac 
and Majorana neutrinos and derive the correspondent wave equations. The obtained energy 
spectrum for the Dirac neutrino enables us to consider the effects of neutrino reflection and 
trapping, as well as neutrino-antineutrino annihilation and uV pair creation in matter at 
the interface between two media with different densities. It also reproduces the expressions 
for the flavour [1] and spin-flavour [2,3] oscillation probabilities in matter. The quantum 
theory of the spin light of neutrino in matter is presented in Section 3. In Section 4 we 
summarize the main results obtained. 
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2 Neutrino energy in matter 



In the series of our papers [4] we elaborated the quasi-classical theory of neutrino 
interaction with matter. In particular, the generalized Bargmann-Michel-Telegdi equation, 
which was used for description of the neutrino spin evolution with account of matter 
influence, was proposed. In the framework of this approach, we predicted the existence of 
a new mechanism of electromagnetic radiation of a neutrino moving in matter, which we 
termed "spin light of neutrino". However, it is clear, that the quasi-classical approach to 
the description of this phenomenon is far not complete, because the discussed phenomenon 
has a quantum nature. Therefore, it is important to elaborate the quantum approach to 
the description of the matter effect on neutrinos. 

2.1 Dirac neutrino 

To develop the quantum treatment of the matter effect on neutrino we propose a mod- 
ified Dirac equation for the neutrino wave function in matter. Consider the case of matter 
composed of electrons, neutrons and protons and assume that the interaction of a neutrino 
with matter is governed by the Standard Model supplied with the right-handed singlet 
neutrino. We also assume at first that the neutrino is of Dirac nature. The case of the Ma- 
jor ana neutrino will also be considered in Section 2.2. The corresponding additional term 
in the neutrino effective Lagrangian, coming from neutrino interactions with background 
via charged and neutral currents, takes the form 

f=e,p,n 

where 

= (4? - 2g(/) sin^ + 6,,), qf = -(4? + 5^/), ^e/ = { J fj^^^ ^ (2) 

Here and Q(-^) arc the third isospin component and the electric charge of the background 
fermion / = e,n,p. The matter currents jj and the polarization vectors Aj are given by 

j'} ^ {nf,nfVf), (3) 

and 

A? = (»/(C/v,), ,vC/ + IV^IpA] , (4) 

6w is the Weinberg angle, n/, and ^/ (0 ^ \Cf\'^ ^ 1) denote, respectively, the number 
density of the background fermions /, the speed of the reference frame in which the mean 
momentum of the fermions / is zero, and the mean value of the polarization vector of the 
background fermions / in the above mentioned reference frame. A detailed discussion on 
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the determination of these quantities can be found in [4] . The additional term ([T]) leads to 
the modified Dirac equation for the neutrino wave function in matter 

^l,d^ - ^7m(1 + 75)r - = 0. (5) 

This equation with various modifications was previously used in [9-20] while studying of the 
neutrino dispersion relation and oscillation probabilities in matter as well as for discussion 
of neutrino mass generation. 

For some important cases equation ([5]) can be solved exactly. Let us find its solutions 
in the simplest case of electron neutrino moving in unpolarized matter, C = O5 composed 
of electrons. We first rewrite the equation in the Hamiltonian form 

i^*(r,t) =^™,«^(r,t), (6) 

where 

Hmatt = ap + pm + Vmatt, (7) 

and the effective potential of neutrino interaction is given by 

Vmatt = ^{l+l5)GFn. (8) 

The Hamiltonian (JTj) commutes with the operators of the momentum p and the longitudinal 
polarization Sp/p, thus we can write: 

v|>,(r,t)=e-^(^^*-P'-)w.(p,E,), (9) 

where s = ±1 is the neutrino helicity, which is determined by the equation: 

5p.t, /- .^ „,T, .^ ^ f a- 

P 



vl/,(r,t) = svl/,(r,t), S = ( Q ^ ). (10) 



Under the assumption that equation ([5]) has a non-trivial solution, we arrive at the expres- 
sion for the neutrino energy in matter in the form: 



Eg = eyp^^l — sa— j +m'^ + am, (11) 

a = — ^Gf — . (12) 
2^2 m 

The quantity e = ±1 splits the solutions into the two branches that in the limit of the 
vanishing matter density, a ^ 0, reproduce the positive- and negative-frequency solutions, 
respectively. An important feature here is that the neutrino energy in matter depends 
on the neutrino helicity state. Therefore in the relativistic case the left-handed and the 
right-handed neutrinos with equal momenta have different energies. In the general case of 
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matter composed of electrons, neutrons and protons, the matter density parameter a for 
different neutrinos is 



1 

2^2 m 



^?T,e(4 sin^ + f?) + ny{\ — 4 sin^ Qw) — "^r 



(13) 



where ^ = 1 for the electron neutrino, v^. and ^ = — 1 for the muon and tau neutrinos. 

Using the standard procedure known from many text-books on quantum mechanics, we 
finally arrive at the neutrino wave function in matter: 



e,p,s 



r,t) 



g-j(-Eei-pr) 



2Li 



\ 



m 



Es—am 



P 



EF—am 



1 - e'^ 
p 



(14) 



where 6 = arctanp2/pi- 

Let us focus upon the consideration of the energy spectrum ffTTl) in some detail. As 
usual, we treat the value of the energy spectrum ffTTj) . corresponding to £ = —1, as the 
antineutrino energy. Thus, for the fixed momentum p we have four different energy values, 
that correspond to four possible combinations of s and e values 



p2 (l - aj^ + m2 + am, E'=-^ = ^p2 (^1 + 



a — + + am, (15) 
p / 



1 , 2 

1 — a — + — am, 
p / 



E' 



p2 ( 1 + a— ^ + — am. (16) 



The first pair is for the neutrino quantum states of positive and negative chiralities and 
the second one is for the antineutrino quantum states. 

The analysis of the obtained energy spectrum ( fTSl) . ( fT6l) enables us to predict some in- 
teresting phenomena that may appear at the interface of two media with different densities 
and, in particular, on the motion of the neutrino at the interface between matter and vac- 
uum. Indeed, as it follows from (fTSl) and (fT6l) . the band-gap for neutrino and antineutrino 
in matter is displaced with respect to the vacuum case in neutrino mass and is determined 
by the condition am — m < E < am + m. For instance, let the case when there is no band- 
gap overlapping be realized (this is possible for a > 2). This situation is illustrated on 
Fig.l. Here we have several possibilities. First, consider a neutrino moving in the vacuum 
towards the interface with energy that falls into the band-gap region in matter. In this 
case the neutrino has no chance to survive in the matter and thus will be reflected. The 
same situation will occur for the antineutrino, moving in the matter with energy falling 
into the band-gap in the vacuum. In this case, there will be effect of antineutrino trapping 
by matter. The second possibility is realized when the energy of neutrino in the vacuum or 
antineutrino in the medium falls into the region between the two band-gaps. In this case 
the effects of the neutrino-antineutrino annihilation or pair creation may occur. 
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Figure 1: The interface between the vacuum (left-hand side of the 
picture) and the matter (right-hand side of the picture) with the 
corresponding neutrino band-gaps shown. The parameter a > 2. 



2.2 Majorana neutrino 

We have considered so far the case of the Dirac neutrino. Now we discuss the case of 
the Majorana neutrino. For the Majorana neutrino, we derive the following contribution 
to the effective Lagrangian accounting for the interaction with the background medium 

/\L,ff = -/'^(z77,7V), (17) 

which leads to the Dirac equation 

{t7>.d^ - 7^75^ - m}^(x) = 0. (18) 

This equation differs from the one obtained in the Dirac case by doubling of the interaction 
term and lack of the vector part. The corresponding energy spectrum for the equation (II 8p 
follows straightforwardly: 

E, = e^p^l^l - 2sa^y + m^. (19) 

From this expression it is clear that the energy of the Majorana neutrino has its minimal 
value equal to the neutrino mass, E = m. This means that no effects are anticipated 
with the Majorana neutrino such as those that the Dirac neutrino has at the two- media 
interface and which are discussed above. So that, in particular, there is no Majorana 
neutrino trapping and reflection by matter. It should be noted that the Majorana neutrino 
spectrum in matter was discussed previously in [16-18] 
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2.3 Flavour neutrino energy difference in matter 

In the conclusion to this section, we should like to note that the obtained spectra for 
the flavor neutrinos of different chiralities in the presence of matter accounts properly for 
the effect of resonance amplification of neutrino flavor and spin oscillations. In order to 
show that, we expand the expression for the relativistic electron and muon neutrino energy, 
( fTTj) for Dirac case or ffT^ for Majorana case, over the large p 

E:=;;^Eo + 2«.,,.,m,,,,^, (20) 

where m,^^ and m^^ are electron and muon neutrino masses. Then the energy difference 
for the two active flavour neutrinos will be 

AE = Et:-' - Et;-' = V2GFn,. (21) 

Analogously, considering the spin- flavour oscillations i^e^ <^ J^nn, for the corresponding 
energy difference we find: 

AE = El:-' - Et;+' = V2Gf (n, - ^n.) . (22) 

These equations enable one to get the expressions for the neutrino flavour and spin-flavour 
oscillation probabilities and their resonance dependances on the matter density in complete 
agreement with the results of [1-3]. 



3 Neutrino spin light in matter 

The neutrino spin light phenomenon arises in the matter-induced quantum transitions 
between the two neutrino states with different helicities due to the neutrino magnetic 
moment interactions with photons. In this section, we give the quantum theory of the 
effect that is based on an approach similar to the Furry representation in the quantum 
electrodynamics, which is widely used for description of the electromagnetic interactions 
in the presence of external electromagnetic fields. Within this approach, the Feynman 
diagram of the process under consideration is given by the Fig. 2, with the neutrino initial 
ipi and final ipf states, described by "broad lines", that account for the neutrino interaction 
with matter. The corresponding amplitude is given by 

V2ujL^ (23) 



where /i is the neutrino magnetic moment, = {uj, k) and e* are the photon momentum 
and polarization vectors, x = k/tu is the unit vector pointing in the direction of the emitted 
photon propagation. Integration over the time and spatial coordinates gives 



% = 2rt6{E' -E + uj)6^{p' ~p + k)uf{E',p'){te*)ui{E,p). (24) 
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Figure 2: The SLv radiation diagram. 



The unprimed and primed symbols refer to initial and final states, respectively. Owing 
to the presence of 5-functions in the right-hand side of the equation (1211) we have the 
energy-momentum conservation law for the process 

E = E' + uj, p = p+fc, (25) 

from which it follows that a photon is radiated only when neutrino initial and final states 
are characterized by Si = —1 and Sf = +1, respectively. For the emitted photon energy 
we then obtain: 

2amp [{E — am) — {p + am) cos 6] 

{E — am — p cos 6)'^ — (am) 

where 6 is the angle between x and the direction of the initial neutrino propagation. 

Our next step is to calculate the spin light transition rate and total radiation power, 
which following equations (IMl) and ( |26l) are expressed as 



= — — } ^2 — ' (26) 



^2 / S sin Ode (27) 

Jo 1 + P'y 



and 



I = fi^l ^Ssinede, (28) 

' ■ P'y 



where we have denoted 

S = 0(3' + I) (1 - y cos 6) - + (3') {cose - y) (29) 

~ p + am ~, p'-am j-,, , /on^ 

13 = - , P = -ET, > E=E-uj, p=Kuj-p, (30) 

E — am E' — am 

uj—pcosO E — am — p cos 9 

y = , K = . 31 

p' am 
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Performing the integration in (12 7p and 

1 



we obtain 



2{E -pf {E + p- 2amf {E - am) p2 



X 



X In 



E^ - {p^ - Qa^m^ + 6Eam - 3E^) {{E - 2amf - p^)' 
{E + p){E -p- 2am)' 



{E -p){E + p- 2am) 



-Sa^m^ 



+ Aamp [iQa^m^E {3E^ - 5p^) 

{15E^ - 2AEY + P^) + 4:a^m^E {33E^ - 58EY + 1 V) 
2a W (39^2 - (E^ -p'^Y + l2amE (2^^ - p^) {E^ - p'^Y 

{3E^-p') {E'-P'Y]} 



and 
/ 



2{E-p)^{E + p- 2amfp'^ 

X (E -p- 2amf f 2a^m^ - 2am(E + -p) + E 
V 5 



[E + p)'^{E - m)^{E + p- 2amf 
3 



X In 



n2am - p - E){E - p)\ 
\{2am + p~ E){E + p) ) 

(/ 5 5 8 

32a^m^ E^ - pE^ - -p^E'^ + -p^E + —p 
V 3 3 15 

-96«^m5 f - —pE' - —p^E' + —p'E^ + —p^E - —pf' 
V 30^ 45-^ 9^ 45-^ 10^ 



30 

/ 47 
V 80^ 



+42(^2 _p2)2^2^2j^^4 _ 



45^ 

511 127 . o 157-2 89 . 7 ^ 

p^E^ + p^E^ + p^E^ p^E 

240^ 120^ 120^ 240^ 48^ 

53 . 3 2^s 89 o 2 47 - 19 

pE^ - -p^E^ + p^E^ + — p^E 

120^ 2^ 180^ 90^ 

32 314 4 ,„ 17 , 



360 



y + —p^E + 

315^ 2r 105 



p 



-lQam{E^ - py I^E' - -pE^ - -p'E + - 

+ {e^-pY{e'~Ip')^'^, 



(32) 



(33) 



respectively. As it follows from these expressions, the SLi/ rate and total power are rather 
complicated functions of the neutrino momentum p, mass m, and the matter density pa- 
rameter a. It makes sense to examine them for different limiting cases. In the relativistic 
case p ^ m, we get 



64 2 S 2 

^fi^a'^p^m, 
Aix^a^m^p, 
Afi'^a^m^, 



'-ffi^aY, 

All 22 

=lfj.^a^m^p^, 
Afi'^a^m^, 



for a < -, 

for ^ < a < J^, 

for a — , 



(34) 
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and in the opposite case, p <^m, we have 



,2^,3^3 



m 



,2, 



4 4 



for q; -C 1, 

for K a < ^, 

for a > ^. 



(35) 



It is interesting to observe that, in the hmit of a very high matter density, the rate and 
the radiation power are determined by the background matter density only. Note that the 
obtained SLi/ rate and radiation power for p ^ m and a ^ ^ are in agreement with [21]. 

One of the important aspects of the SLu radiation is its polarization properties, which 
may be important in experimental identification of the radiation. We will be interested 
here in the circular polarization of the SLu photons. We introduce the two orthogonal 
vectors 



6/ 



1 



[ei + ile2), 



(36) 



that describe the two SLi/ photon circular polarizations {I — ±1 correspond to the right 
and left photon circular polarizations, respectively), via the two linear photon polarization 
vectors, defined as 

[xxj] _ ^{x})-} 



ei 



62 



where j is the unit vector pointing in the direction of the initial neutrino propagation. 
Then for the radiation power of the circular-polarized photons we get 



(37) 



UJ 



^ + P'y 



—Si sin 9d9, 



where 



1 



Si^-il + W) (1 + W) (1 - Icose) (1 + ly) . 



(38) 



(39) 



The most important case is realized for rather dense matter and a relativistic neutrino, 
q; ^ ^ for p ^ m and o; ^ 1 for p ^ m, when the main contribution to the radiation 

power comes from the right-polarized photons: ~ /, /(~^) ~ 0. So we conchidc 

that, in a dense matter, the SLv photons are emitted with nearly total right-circular 
polarization. If the density parameter changes sign, then the emitted photons will exhibit 
the left-circular polarization. 

At the end of this section, we should like to make a note on the possibility of the 
SLu radiation by a Majorana neutrino. Obviously, owing to the absence of a magnetic 
moment, such radiation is not expected in this case. However, having the two neutrinos 
of different flavour, it is possible to have an analogous effect via the transition magnetic 
moment, which Majorana neutrinos may possess. 
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4 Summary 



In conclusion, we would like to note the following: 

1) Propagation of the Dirac and Majorana neutrinos through the moving and polarized 
matter can be described by the modified Dirac equations, given by ([5]) for Dirac and by 
( JTHj) for Majorana particles. 

2) In the Dirac case, the effects of neutrino reflection and trapping, as well as neutrino- 
antineutrino annihilation and pair creation can occur at the interface between the two 
media of different densities. 

3) While moving in matter, the Dirac neutrino emits SLv radiation due to its nonzero 
magnetic moment; this effect originates from the induced by matter quantum transitions 
between the two neutrino states with different helicities. 

4) Majorana neutrinos do not radiate SLv because the magnetic moment of this particle 
is zero; however, the SLv in matter can be produced in the case of two Majorana neutrinos 
of different flavour if the transition magnetic moment is nonzero. 

5) The SLv radiation exhibits a crucial dependance on the matter density; for high 
densities, the SLv rate and radiation power are determined by the background matter 
density only, in this case the SLv has almost total right-circular polarization (for positive 
value of the matter density parameter a) . 

6) The matter effects on neutrinos under consideration may have important conse- 
quences in astrophysics and cosmology. 

7) The presented in this paper method can be expanded for description of the electron 
in matter; on this stage we predict the analogous to SLv phenomenon of "spin light of 
electron" and develop the quantum theory of this effect [22]. 

One of the authors (A.S.) is thankful to the organizers of the 5th International Confer- 
ence on Non-Accelerator New Physics for hospitality. 
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